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LETTER TO THE EDITOR

Critical behaviour associated with helical order near a
Lifshitz point

David Mukamel

Department of Electronics, The Weizmann Institute of Science, Rehovot, Israel
Received 24 August 1977

Abstract. The wavevector g associated with the helical order varies along the paramag-
netic-helical critical line as |g|~|p|®, as a Lifshitz point (T = Ty, p =0) is approached.
Renormalisation group techniques in d =4 +3m —e(e >0) dimensions are used to cal-
culate the critical exponent 8., associated with an m-fold Lifshitz point, to second order in
€. For a n-component order parameter we find

1 n+2 1im?+36m+16 , 5
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The critical behaviour associated with a Lifshitz point has been discussed extensively
in recent years (see, e.g., Hornreich et al 1975a,b, 1977, Nicoll et al 1976, 1977, Selke
1977, Villain 1977, Abrahams and Dzyaloshinskii 1977, Mukamel and Luban 1977).
Two ordered phases exist in the vicinity of a Lifshitz point: & ferromagnetic phase
associated with a wavevector g =0, and a helical phase associated with a wavevector
q #0. The two ordered phases are separated from the disordered (paramagnetic)
phase by a critical line with two branches Tx(p) and Tu(p), which intersect at a Lifshitz
point. It has been shown (Hornreich et al 1975a), using scaling arguments, that along
the helical branch of the critical line, the wavevector q associated with the helical
order varies as

lg| ~ Ip|®, (1)

as a Lifshitz point (T =T, p=0) is approached. Renormalisation group analysis
shows that for an m-fold Lifshitz point, Bx =3+ O(e*) where e =4+3m —d >0 and d
is the dimensionality of the system. An m-fold Lifshitz point is characterised by an
instability associated with the absence of quadratic terms of the form g7 in the
Landau-Ginzburg-Wilson Hamiltonian for alli=1,..., m, m=<d.

In the present letter we calculate 8, for an m-fold Lifshitz point to second order in
€. We first use scaling arguments to show that

Bi =via/ ¢, )

where ¢ is the crossover exponent and »;4 is one of the two correlation length
exponents associated with the Lifshitz point (Hornreich ez al 1975a, b). We then show
that the crossover exponent ¢ can be written in the formT ¢ = v;4(2—n4—A) where

Ma, A =0(e?). By calculating m4 and A to O(e?) we obtain an expression for the
exponent Bi.

t This corrects the expression given by Hornreich et al (1977).
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To derive the scaling relation (2) we note that according to general scaling theory
(see, e.g., Fisher 1973, Pfeuty et al 1974), the singular part of the susceptibility
xs(t, p, @) takes the form

- P 4 48
o« 0, @)~ 1t X\ 53, s —y"), 3
X( p q) l l ltld’ Itl 14 |t| 12 ( )

in the limit ¢, p, q., gs>0. Here =(T-T.)/T., ¢@.=(q1,...,.9m), Q=
(qm+1, ..., qq), and the exponents vy, v, 2 and ¢ are those associated with the
Lifshitz point. The susceptibility y, diverges along the critical line Ty(p) at a wave-
vector g, #0. The critical line Ty(p) is therefore defined by the equation
x (X0, o, 0)=00 or equivalently by the two equations p =xo|t|® and |q.|= yolt|"™.
Along the paramagnetic-helical critical line one therefore has |g.|~ | p|"+/¢. Compar-
ing this result with equation (1) yields the scaling relation (2). Note that if ¢ > 1, the
leading term in the expression for p(¢) along the helical critical line is not the leading
singular term xo|t|* but rather a linear term p ~ct. In this case ¢ should be replaced
by 1 in the scaling relation (2). However, since ¢ =3+ O(e), the scaling relation (2)
can be used for sufficiently small e. In the following we calculate the ratio v;4/¢ and
thus obtain the critical exponent B..
Consider the n-component Landau-Ginzburg-Wilson Hamiltonian

=3[ @y 80t | S-S5 SISCT ) @
where § is an n-component vector (S, ..., S,)and
us(q)=r+pga+qis+qa. )

The Hamiltonian (4) together with (5) exhibits an m-fold Lifshitz point. The
renormalisation group recursion relation for u; in d =4 +3m — (e > 0) dimensions is
given by (see, e.g., Wilson and Kogut 1974, Fisher 1974)

, _ 1 1
us=a* "“[u2<;qa, qu) +4(n+2)u L G(q1)

_32(n+2)u2J' G(ql)G(qz)G(q1+q2+(%q,,, %q3)>+0(u3,€3)], ©)

91,92

where
G(r,p,@)=G(g)=(r+pga+qi+qa)", )
4=(qas98)=(q1, . - . » Gmy Gm+1, - - - » 4a), and a(b) is the rescale factor associated with
the ¢. (gg) subspace. The rescale factors a and b satisfy (Hornreich et al 1975a)
a“""u = bz“"u_ (8)

The integrations in (6) extend over the region
bM< gt gl ™ < 1, i=1,2.

However since we are interested in the exponents to O(e) only, it is sufficient to
integrate over the region b™><q,+g%<1. Consider now the integral

10=] [ 6@6@6(a:+a+ (>0 5e)), ©)

q1 “q2
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where the propagators G are taken with r = p =0. To calculate the exponent 7,4 one
has to find the a ™ In a ¢ contribution Wthh comes from the integral I(q). Assuming
lg] to be small, so that in effect |1 +(a 'qa, b~'gs)|>b"", one can perform the g,
integration. Define first

xi=q2, Vi=Gis i=1,2. (10)

In terms of the polar coordinates (z; = (x? +y?)"/?, 6, =tan™" (y;/x:)) i = 1, 2, one has

| c@]o(a+a:+ (e jas)) - Gla+a2)]

et S
4 4 4 JI\2] (qrata g) +(qatb 'gs)
1 \¢ 1 \2
+1In z%—ln[(lha*‘;qa) '*'(lha +3¢Iﬂ) ]}, (11)

where B(a, B) is the usual beta function. Integrating now over g; and keeping
a™*In a g2 terms only we find

a*lnaql 12)

o0 (o 25 52

Using (Hornreich et al 1975a, Mukamel and Luban 1977)
w1 1

2
n+8 Kn.Kis_mB(m/4, 8—m)/4) )
we finally obtain
1 n+2 m®+8 2
M= T m+8 m+2° (14)

To calculate the crossover exponent ¢, one has to linearise the recursion relation for p
in the vicinity of the fixed point. The linearised recursion relation takes the form

(ApY =a> ™4[1-32(n +2)u*A Ina] Ap, (15)

where Ap =p —p*, and A is the coefficient of the a % In a g2 term which comes from
8I(q)/3p. Using the same methods we have used to calculate I(g) we find

m 8—m\m+1
A=ty (af2 ) 5 =
Exponentiating the recursion relation (15) we obtain
(ApY =a® ™ *Ap, a”n
where 7,4 is given by equation (14), and

( + 8)
The crossover exponent is thus given by
b =va(2—ma—A), 19)
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and the exponent B, is given by

Vi4

Bk=?=(2_nu‘)‘)_l- (20)

Using (14) and (18) we finally obtain

1 n+2 11m*+36m+16 , s
== € + N 21
2 8y 48(m+2) Ote”) (1)

Note that because of the assumed spherical symmetry within the g, and qg subspaces,
one expects no helical long-range order for m <d <m+1 (Lubensky 1972, Mukamel
and Luban 1977). Therefore, the expression (21) for B, applies only for d>m +1,
i.e. for m <6. The exponent B; has been calculated independently by Hornreich and
Bruce (1978) for the special case m =1.

For the cases of most practical interest, namely m =1 and n =1, 2, the exponent
Bz is given by

Bi=0-5+0-016(4-5—d)’, (22)

and the correction to the classical result is smalil.
We have also calculated the critical exponent n;;. We find

Bx

_l n+2
M2=5 (n+8)

and thus, to second order in €, the exponent 7, is independent of m.

€2+ 0(e?), (23)
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